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System:

Ultracold atomic gases (fermionic)

Highly controllable system...
BCS-BEC crossover relevant to
many fields (interdisciplinary)...

Here the system is very similar
to dilute neutron matter...



Superfluidity: U(1) order parameter

Order parameter = “pairing” 

In a ground state the phase
is uniform across the system...

… and since it is closely connected
with phase of the wave-function
it can be absorbed by 
normalization factor 
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Cold atoms at unitarity:

Nuclear systems (n=0.08fm-3):



Excited states

Figs from: Phys. Rev. Lett. 113, 065301 (2014)
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Vortex line

Vortex ring
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Fig. from: A. Munoz Mateo and J. Brand, 
PRL 113, 255302 (2014)



Fig. from: A. Munoz Mateo and J. Brand, 
PRL 113, 255302 (2014)

Coherence length:

Cold atoms at unitarity:

Nuclear systems (n=0.08fm-3):

where R is radius 
of heavy nucleus
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Some of these excited states
are long-lived... 

(typically topology can be changed 
through “interference” with boundary) 
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Some of these excited states
are long-lived... 

(typically topology can be changed 
through “interference” with boundary) 

GENERAL REMARKS:
(r) should be treated as dynamical field...
the (r) field introduces new 
excitation modes to the system
(enormous number of new modes) 

fluctuations (waves) of |(r)|...
fluctuations (waves) of (r)...
Solitonic excitations..

Effective theory that describes 
dynamics of the U(1) order parameter:
Time-dependent Ginzburg-Landau equation

,  and m*:
material 
dependent 
parameters



How to excite “solitonic” modes?

1. Start with a cloud in ground state...
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How to excite “solitonic” modes?

1. Start with a cloud in ground state...

2. Split into two fragments ...

3. Add constant potential U to one part ...

Note: uniquely defined quantity
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Josephson effect

Flow of particles 
maximized  when phase diff. is /2



6Li atoms near a Feshbach 
resonance (N≈106) cooled in 
harmonic trap 

Step potential used to imprint a 
soliton (evolve to π phase shift)

Let system evolve...

Take picture (subtle imaging with 

tomography) 

Fig. from 
Nature 499, 426 (2013)

Recent MIT experiments: 
  Nature 499, 426 (2013); 
  Phys. Rev. Lett. 113, 065301(2014);
  Phys. Rev. Lett. 116, 045304 (2016); 
  

Fig. from 
PRL 113, 065301(2014) 



Experimental results – Cascade of Solitary Waves
Figures taken from: M. Zwierlein talk, (http://en.sif.it/activities/fermi_school/mmxiv)
School of Physics E. Fermi – Quantum Matter at Ultralow Temperatures Varenna, July 9th , 2014
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Challenge for theory to describe all 
stages of the cascade! Movie 1: prediction of GP



DFT: workhorse for electronic 
structure simulations

The Hohenberga-Kohn theorem assures 
that the theory can reproduce exactly the 
ground state energy if the “exact” Energy 
Density Functional (EDF) is provided

Often called as ab initio method

Extension to Time-Dependent DFT is 
straightforward

Very successful – DFT industry (commercial 
codes for quantum chemistry and solid-state physics) 

Can be extended to superfluid systems... 
(numerical cost increases dramatically) 

1990

2012
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interacting 
system

non-interacting 
system

Both systems described by the same density

Formally rigorous way of approaching 
any interacting problem by
mapping it exactly to a much 
easier-to-solve noninteracting system.

easy, if 
Energy Density Functional (EDF)
is known...



BCS-like

Note: diagonal part 
of pairing density is divergent
Regularization required! 

We use prescription given in:
Bulgac, Yu, Phys. Rev. Lett. 88 (2002) 042504
Bulgac, Phys. Rev. C65 (2002) 051305
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EDF for UFG: 
Superfluid Local Density Approximation (SLDA)

Dimensional arguments, renormalizability, Galilean invariance, and symmetries 
(translational, rotational, gauge, parity) determine the functional  (energy density)

Only local densities

unique combination of the kinetic 
and anomalous densities required 
by the renormalizability of the theory

Self-energy term - the only function
of the density alone allowed by 
dimensional arguments lowest gradient 

correction- 
negligible

required by 
Galilean 
invariance

Review: A. Bulgac, M.M. Forbes, P. Magierski, 

Lecture Notes in Physics, Vol. 836, Chap. 9, p.305-373 (2012)  



EDF for UFG: 
Superfluid Local Density Approximation (SLDA)

Dimensional arguments, renormalizability, Galilean invariance, and symmetries 
(translational, rotational, gauge, parity) determine the functional  (energy density)

Only local densities

unique combination of the kinetic 
and anomalous densities required 
by the renormalizability of the theory

required by 
Galilean 
invariance

This part is more complicated for nuclear problems:
* gradient corrections are very important;
* spin-orbit term;
* … more densities ...



What do fully 3D simulations see?

Movie 2

Movie 3

 Phys. Rev. A 91, 031602 (2015) 



What if I replace cloud by nucleus? 



What if I replace cloud by nucleus? 

Rotation of order parameter 
does not change energy 
of the system if objects 

are well separated...

Is there any difference
in dynamics of these

collisions?

If yes:
What observables?

Orders of magnitude?
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Energy needed to excite “soliton”

 The additional energy cost (derived from Ginzburg-Landau theory)

L:  Length scale over which the phase varies

S:  Attaching area

ns:  Superfluid density

e.g.)  S=πR2, 
         L~R=6 fm, 
         ns=0.08 fm-3 
                   → E~30 MeV

The energy does not depend on 
the absolute value of Δ!



 Energy density functional (EDF)

:  Fayans EDF (FaNDF0)

We neglect SPIN-ORBIT

 TDSLDA equations (similar to TDHFB, TD-BdG)  Potentials

S.A. Fayans, JETP Letters 68, 169 (1998);

Simulation details

Is there any difference
in dynamics of these

collisions?

If yes:
What observables?

Orders of magnitude?

Is there any difference
in dynamics of these

collisions?

If yes:
What observables?

Orders of magnitude?

To answer these questions it is sufficient
to set correct scales in the problem...

Spin-orbit does not change relevant scales... 

We can do simulations with full nuclear EDF...
… but they are more than factor 10 numerically complex!



240Pu+240Pu head-on collisions (E/VBass=1.1, E=980MeV)

Movie 4

The phase difference changes 
kinetic energy 
of the fragments

The phase difference changes 
kinetic energy 
of the fragments



240Pu+240Pu head-on collisions 

E=1.06VBass E=1.1VBass

E=1.15VBass E=1.2VBass



E=1.2VBass

Josephson current
is negligible

Josephson current
is negligible

But, see for E=1.4VBass:

Movie 5



Fusion reaction: 90Zr+90Zr
*Efusion: the lowest energy at which 
             fusion reaction is observed

Movie 6 E=1.0VBass
(E=191MeV)

Fusion reaction is 
suppressed 

by the phase difference

Fusion reaction is 
suppressed 

by the phase difference



Movie 7 Movie 8

For non-central collisions, 
contact time 

and
scattering angle 
are also affected

For non-central collisions, 
contact time 

and
scattering angle 
are also affected





Summary
(r) should be treated as dynamical field (it introduces new 
excitation modes to the system)
 

Collisions of atomic clouds with different phases typically 
results with solitonic cascade (solitonvortex ringvortex line)
 

Phase difference in collisions of atomic nuclei can affect:
Kinetic energy of fragments (~10-30MeV)
Fusion cross section (extra energy needed to fuse objects 
with phase difference) (~10-30MeV)
Scattering cross section
Particle transfer for non-symmetric collisions (~1 nucleus) 
 

...



What do fully 3D simulations see?

Movie 2

Movie 3

Crossing and reconnection!

 Phys. Rev. A 91, 031602 (2015) 



Future direction (the latest review papers...)

QT 
so far 
studied
with

superfluid
Helium

QT 
so far 
studied
with

superfluid
Helium



Kolmogorov scaling

 kinetic energy per unit mass

If the energy is transferred to smaller scales 
without being dissipated:

E – kinetic energy per unit mass associated 
      with the scale 1/k
ε - energy rate (per unit mass) transfered 
      to the system at large scales.
k - wave number (from Fourier transformation 
     of the velocity field).
C – dimensionless constant.



Kolmogorov scaling

 kinetic energy per unit mass

If the energy is transferred to smaller scales 
without being dissipated:

E – kinetic energy per unit mass associated 
      with the scale 1/k
ε - energy rate (per unit mass) transfered 
      to the system at large scales.
k - wave number (from Fourier transformation 
     of the velocity field).
C – dimensionless constant.

But how to generate “small scales” 
if vortices are quantized!



Crossing and reconnection (Feynman, 1955) 
Figs. from: Michał Wyszyński, 
Diploma thesis, WUT, 2016

“small scale”
energy proportional to the length 

Movie 9

E. Fonda, et. al., 
Proc. Natl. Acad. 

Sci. U.S.A. 111, 4707 (2014).

Movie 10



Crossing and reconnection (Feynman, 1955) 
Figs. from: Michał Wyszyński, 
Diploma thesis, WUT, 2016

“small scale”
energy proportional to the length 

Phys. Rev. Lett. 97 (2006) 145301

Quantum turbulence:
Chaotic dynamics of 
many quantized 
vortices

Movie 9

Problem 1:
How to generate 
turbulent state 

in cloud of cold atoms?

E. Fonda, et. al., 
Proc. Natl. Acad. 

Sci. U.S.A. 111, 4707 (2014).

Movie 10



Prediction of TDSLDA:
Phase imprint of array of vortices!

Phys. Rev. A 91, 031602 (2015) 



Prediction of TDSLDA:
Phase imprint of array of vortices!

Phys. Rev. A 91, 031602 (2015) 

Problem also 
related to 
neutron stars...

Extraction of 
vortex-nucleus 
interaction:
 arXiv:1606.04847



Summary
(r) should be treated as dynamical field (it introduces new 
excitation modes to the system)
 

Collisions of atomic clouds with different phases typically 
results with solitonic cascade (solitonvortex ringvortex line)
 

Phase difference in collisions of atomic nuclei can affect:
Kinetic energy of fragments (~10-30MeV)
Fusion cross section (extra energy needed to fuse objects 
with phase difference) (~10-30MeV)
Scattering cross section
Particle transfer for non-symmetric collisions (~1 nucleus) 
 

Cold atoms can provide new route to study quantum 
turbulence 

THANK YOU ...THANK YOU ...



Theory vs Experiment: Speculations
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