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Superfluidity 
(Superconductivity) 

generic 
phenomenon 

observed in most 
physical systems at 

sufficiently low 
temperatures.

liquid 3He and 4He

nuclear systems such as nuclei...
… and neutron stars

Image from: https://briankoberlein.com/2015/10/19/how-do-you-weigh-a-neutron-star/

ultra-cold atomic gases
(bosonic and fermionic)

Source: Wolfgang Ketterle - Nobel Lecture: 
When Atoms Behave as Waves: Bose-Einstein Condensation and the Atom Laser

superconductors
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Fundamental problems (open question): 

• necessary conditions needed for development 
   of QT in fermionic systems;
• identification of energy cascades;
• extraction of power laws;
• quantification of decay of the turbulence;
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Richard Hamming:  “The purpose of computing is insight, not numbers.”



SLDA:crucial for 
numerical treatment... 



Solving time-dependent problem for superfluids...

The real-time dynamics is given by equations, which are formally equivalent to the Time-
Dependent HFB (TDHFB) or Time-Dependent Bogolubov-de Gennes (TDBdG) equations

We explicitly track 
fermionic degrees 
of freedom!

where h and Δ depends on “densities”:

 a lot of nonlinear  coupled 3D  
Partial  Differential  Equations

Spatial derivatives hidden here...



E
n

E
cut TDDFT for superfluids:

We evolve all states up to E
cut

TDDFT for normal systems:
We evolve states up to Fermi energy

Solving time-dependent problem for superfluids...

Typically TDDFT for superfluid 
systems is about 1,000 or more 
times more demanding than for 
normal systems!

Cooper paring
(p,) ⇔(-p,) 

 
Condensate of 
Cooper pairs


Superfluidity

Correlations!!!



Figure taken from:https://doi.org/10.1073/pnas.1420915111

To successfully simulate QT, large lattices and long simulations are required. 

https://doi.org/10.1073/pnas.1420915111
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To put into perspective numerical challenge that 
we face, consider lattice of size 1003 with a 
lattice spacing comparable to the size of the 
vortex cores (i.e. we barely resolve the vortices). 

This problem requires 2, 000, 000 coupled PDEs 
that need to be evolved self-consistently!
(Memory needed to store single copy 
of quasi-particle wave functions is 30TB) 
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2014

Gain of switching 
from CPUs to GPUs

Order magnitude!

Gain of switching 
from CPUs to GPUs

Order magnitude!

Superfluid Local Density Approximation is very well suited  
for utilization of multithreading computing units like GPUs.



Presently, our codes operate on machines:

Piz Daint (#3)

Titan (#5)

Tsubame3.0 (#13)



6Li atoms near a Feshbach resonance 
(N≈106) cooled in harmonic trap 

Fig. from 
Nature 499, 426 (2013)

Validation against dynamical properties of the system
MIT experiments: Nature 499, 426 (2013), 
PRL 113, 065301(2014), PRL 116, 045304 (2016). 

Fig. from 
PRL 113, 065301(2014) 

NOTE: 
There were tests against 
other dynamical properties



Remarkable agreement  between theory and data!
Other approaches fail!

Piz Daint 

G. Wlazłowski, K. Sekizawa, M. Marchwiany, P. Magierski, arXiv:1711.05803

Phys. Rev. Lett. 116, 045304 (2016)



Prediction of TDSLDA:
Phase imprint of array of vortices!

G. Wlazłowski, A. Bulgac, M. Forbes,M. K.J. RochePhys. Rev. A 91, 031602 (2015);
A. Bulgac, M.M. Forbes, G. Wlazłowski, J. Phys. B, 50, 014001, (2017)  

Lattice:
48 × 48 × 128
N = 1,410
qpwf=131,629
Computer: 
Titan

After imprinting lattice of vortices, 
we may induce 

quantum turbulence

(prediction of supercomputing)
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We invite computer scientists, who would 
like to get involved into these projects.

We have open call for Postdoc and PhD 
student position.

We invite computer scientists, who would 
like to get involved into these projects.

We have open call for Postdoc and PhD 
student position.

Thank you Contact: gabrielw@if.pw.edu.pl
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Laminar flow ⇨ Regular
(small Re 104)

Photograph: Getty Images/Gazimal 

Turbulent flow ⇨ Irregular
            (large Re 104)



Solving...

The system is placed on a large 3D spatial lattice
of size N

x
×N

y
×N

z

Discrete Variable Representation (DVR) - 
solid framework (see for example: Bulgac, Forbes,
Phys. Rev. C 87, 051301(R) (2013))

Errors are well controlled – exponential convergence

No symmetry restrictions

Number of PDEs is of the order of the number of 
spatial lattice points

Typically (without spin-orbit term): 105 - 106



Solving...

Derivatives are computed with FFT

insures machine accuracy

very fast

Integration methods:

Adams-Bashforth-Milne fifth order predictor-corrector-modifier 
integrator – very accurate but memory intensive

Split-operator method that respects time-reversal invariance 
(third order) – very fast, but can work with simple EDF

It sets scaling 
(N-number of lattice points)

Number of 
wave-functions

FFT for large lattice

If non local densities
N3!!!

(beyond our reach)





description of 
bosonic 

superfluidity is 
as simple as the 
description 
of a single 
quantum
particle.

Bose-Einstein 
condensation


Superfluidity

Cooper paring
(p,) ⇔(-p,) 

 
Condensate of 
Cooper pairs


Superfluidity

Pauli  
principle!

Correlations!!!

Fundamental problem (open question): 
Superfluid dynamics far from equilibrium in Bose and Fermi systems: 
         what are similarities and differences?

Fundamental problem (open question): 
Superfluid dynamics far from equilibrium in Bose and Fermi systems: 
         what are similarities and differences?

Richard Hamming:  “The purpose of computing is insight, not numbers.”

Terra 
incognita

A lot of 
studies



Bosons Fermions

Vortex lattice J.R. Abo-Shaeer, et.al., Science 292, 476 
(2001)

M.W. Zwierlein, et.al., Nature 435, 1047 
(2005)

Oscillating 
soliton/quantized 
vortex

I. Shomroni, et.al., Nat. Phys. 5, 193 
(2009).

T. Yefsah, et.al. Nature 499, 426  
(2013).

Box traps A.L. Gaunt, et.al., Phys. Rev. Lett. 110, 
200406 (2013)

B. Mukherjee, et al., Phys. Rev. Lett. 
118, 123401 (2017)

Quantum 
turbulence

E. Henn, et.al., Phys. Rev. Lett.
103, 045301 (2009)

Present challenge, 
both for experiment and theory



6Li atoms near a Feshbach 
resonance (N≈106) cooled in 
harmonic trap 

Step potential used to imprint a 
soliton (evolve to π phase shift)

Let system evolve...

Take picture (subtle imaging with 

tomography) 

Fig. from 
Nature 499, 426 (2013)

Validation against dynamical properties of the system

MIT experiments: Nature 499, 426 (2013), 
PRL 113, 065301(2014), PRL 116, 045304 (2016). 

Fig. from 
PRL 113, 065301(2014) 

NOTE: 
There were tests against 
other dynamical properties



Experimental results

Yefsah et al., Nature 499, 426 (2013) 
PRL 113, 065301(2014) 

RESULTS:

In the final state: Observe an 
oscillating 
vortex line  with long period

Intertial mass 200 times larger than 
the free fermion mass

Precessional motion

...



Experimental results – Cascade of Solitary Waves
Figures taken from: M. Zwierlein talk, (http://en.sif.it/activities/fermi_school/mmxiv)
School of Physics E. Fermi – Quantum Matter at Ultralow Temperatures Varenna, July 9th , 2014

 
See also: Mark J.H. Ku, et al., Phys. Rev. Lett. 116, 045304 (2016) 
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Challenge for theory to describe all 
stages of the cascade!



Prediction of TDSLDA:
Phase imprint of array of vortices!

Phys. Rev. A 91, 031602 (2015) 

Problem also 
related to 
neutron stars...

Extraction of 
vortex-nucleus 
interaction:
 Phys. Rev. Lett. 117, 
232701 (2016)



Future direction (the latest review papers...)

QT 
so far 
studied
with

superfluid
Helium

QT 
so far 
studied
with

superfluid
Helium



Quantum Turbulence
Quantized circulation:

Quantum vortex is well defined

Nature Phys. 7, 473 (2011)

Quantum turbulence:
Chaotic dynamics of many quantized vortices

vortex of inviscid 
superflow and thus it
cannot decay 
(topological defect)

Physics Reports  522, 191 (2013)

Basic process:
reconnection

Phys. Rev. Lett. 97 (2006) 145301



Kolmogorov scaling

 kinetic energy per unit mass

If the energy is transferred to smaller scales 
without being dissipated:

E – kinetic energy per unit mass associated 
      with the scale 1/k
ε - energy rate (per unit mass) transfered 
      to the system at large scales.
k - wave number (from Fourier transformation 
     of the velocity field).
C – dimensionless constant.



1990

2012


	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 11
	Slide 12
	Slide 13
	Slide 15
	Slide 16
	Slide 18
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 25
	Slide 27
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36

