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Fermionic superfuidity:
→ in this webinar = superfuiiity in
                                  ultracoli atoms
                                     of fermionic type.

To a large extent, 
these studies are 
inspired by 
research for 
bosonic counterparts. 
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What is impact of quantum statistics on superfluid dynamics?Scientific question (general):

Example: 
Can we distinguish if we have Bose of Fermi superfluid when looking at vortex 
dynamics? 

W. J. Kwon et.al., Nature 600, 64 (2021)

https://www.nature.com/articles/s41586-021-04047-4
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What is impact of quantum statistics on superfluid dynamics?Scientific question (general):

Example: 
Can we distinguish if we have Bose of Fermi superfluid when looking at vortex 
dynamics? 

W. J. Kwon et.al., Nature 600, 64 (2021)
Comparing 

Bose & Fermi 
superfluids

4He

3He
L=1, S=1

(p-wave, spin-triplet) 

→additional level of 
complication

BEC                 BCS 
Crossover

L=0, S=0
(s-wave superfluidity) 

→the simple form of 
superfluidity in Fermi 

systems

→ BEC-BCS crossover 
allows to make direct 
comparisons within 
the same system!

https://www.nature.com/articles/s41586-021-04047-4
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BCS – BEC Crossover

 

interaction

 

temperature

Attractive 
inter-particle 

interaction
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Superfluidity across BEC-BCS crossover

M. W. Zwierlein, J. R. Abo-Shaeer, A. Schirotzek, C. H. Schunck, and W. Ketterle, Nature 435, 1047 (2005).
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Methods
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Methods

Gross- Pitaevski equation (GPE):n1/3add<<1

mass of dimer 
= 2m

Depends on 
dimer-dimer 
scattering 
length a

dd

Numerical complexity: N logN



9

Methods

Bogoliubov-de Gennes equations (BdG):|kFa|<<1   [a<0;  kF=(3π2n)1/3]
Single particle hamiltonianPairing potential (order parameter)

Anomalus density Numerical complexity: N2 logN

Pauli exclusion principle

amplitude probability
hole            particle
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Synergy: theory & experiment

Attractive 
inter-particle 

interaction

Experiments:
~exp.

 limit
ation

Regime 
of validity
of BdG theory 

(note: BdG for uniform system = BCS theory) 
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M. W. Zwierlein, et.al, Nature 435, 1047 (2005).

Dissipative dynamics in a Josephson junction between fermionic superfluids → generation of quantum vortices due to phase slippage mechanism 
Fig from: A. Burchianti, et.al,  Phys. Rev. Lett. 120, 025302 (2018)
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M. W. Zwierlein, et.al, Nature 435, 1047 (2005).

Dissipative dynamics in a Josephson junction between fermionic superfluids → generation of quantum vortices due to phase slippage mechanism 
Fig from: A. Burchianti, et.al,  Phys. Rev. Lett. 120, 025302 (2018)

A. Gezerlis and J. Carlson 
Phys. Rev. C 77, 032801(R) (2008)

exp
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Methods

Density Functional Theory: Superfluid Local Density Approximation (SLDA)
Workhorse for:Solid state physics...Quantum chemistry...Nuclear physics...…atomic gases…



15

Methods

Density Functional Theory: Superfluid Local Density Approximation (SLDA)
DFT is in principle exact theory Hohenberg-Kohn theorem (1964) implies that … solving Schrödinger equation ↔ minimization of the energy density E[ρ]...… however no mathematical recipe how to construct E[ρ].In practice we postulate the functional form dimensional arguments, renormalizability, Galilean invariance, and symmetriesDFT allows to include “beyond mean-field” effects, while keeping the numerical cost similar to mean-field method (here mean-field=BdG)

`
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Methods

Density Functional Theory: Superfluid Local Density Approximation (SLDA)

Numerical complexity: N2 logN

Formally equations are the same as for BdG:

Effective mass Potential simulating 
effects of interactions

Current corrections

SLDA
SLDA
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Methods

Density Functional Theory: Superfluid Local Density Approximation (SLDA)

Numerical complexity: N2 logN

Formally equations are the same as for BdG:

Effective mass Potential simulating 
effects of interactions

Current corrections

Explicit coupling between 
density modes and 

pairing modes

Explicit coupling between 
density modes and 

pairing modes
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Methods

GPE SLDA BdG
dof Dimers

(bosons)
Fermions Fermions

wave-
function

Condensate wave-
function ψ(r,t) Quasiparticle states 

φn(r,t)={un(r,t),vn(r,t)} Quasiparticle states 
φn(r,t)={un(r,t),vn(r,t)}

Dynamics 
depends 
on

n=|ψ|2 n – normal density,
ν – anomalus density

j – current density 

ν – anomalus density
 

(all interaction effects are 
modeled by pairing term)
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Methods

GPE SLDA BdG
dof Dimers

(bosons)
Fermions Fermions

wave-
function

Condensate wave-
function ψ(r,t) Quasiparticle states 

φn(r,t)={un(r,t),vn(r,t)} Quasiparticle states 
φn(r,t)={un(r,t),vn(r,t)}

Dynamics 
depends 
on

n=|ψ|2 n – normal density,
ν – anomalus density

j – current density 

ν – anomalus density
 

(all interaction effects are 
modeled by pairing term)

SLDA and BdG allow for solutions: n≠0 and Δ=0
                                 → Cooper pair breakingMore info about technical aspects of 

solving BdG and SLDA equations:
https://wslda.fizyka.pw.edu.pl/ 

https://wslda.fizyka.pw.edu.pl/
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Nature Phys. 7, 473 (2011)

Properties of quantum vortices Properties of quantum vortices 
across BCS-BEC crossoveracross BCS-BEC crossover
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Vortex solution: Bose gas → GPE

~ξ

Order parameter:
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Vortex solution: Fermi gas → BdG

Order parameter:
   not related directly to density

Occupation of Andreev states 
give rise to significant particle 
density inside the core.
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Vortex solution: Fermi gas → BdG

Order parameter:
   not related directly to density

Occupation of Andreev states 
give rise to significant particle 
density inside the core.

ga
p

“minigap”:
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Vortex solution: Fermi gas
ga

p

“minigap”:

BCS: many Andreev states
→ small depletion of density
     in the core 

UFG: a few Andreev states
→ significant depletion
BEC: no Andreev states:
→ empty vortex core

BCS: many Andreev states
→ small depletion of density
     in the core 

UFG: a few Andreev states
→ significant depletion
BEC: no Andreev states:
→ empty vortex core

R. Sensarma, M. Randeria, and T.-L. Ho, 
Phys. Rev. Lett. 96, 090403 (2006).

 

interaction

Vortex structure within QMC:
L Madeira, A Lovato, F Pederiva, KE Schmidt, 
Phys. Rev. A 95, 053603 (2017); 
L Madeira, S Gandolfi, KE Schmidt, VS Bagnato, 
Phys. Rev. C 100, 014001 (2019)
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Generic form of solutions for straight vortex

Individual particles 
have different m 
(Pauli principle) but

In BCS regime:

P. Magierski, G. Wlazłowski, A. Makowski, K. Kobuszewski, arXiv:2011.13021
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Generic form of solutions for straight vortex

In BCS regime:

 

imbalance

Population imbalance

P. Magierski, G. Wlazłowski, A. Makowski, K. Kobuszewski, arXiv:2011.13021



27

Generic form of solutions for straight vortex

In BCS regime:

 

imbalance

Population imbalance

States in the vortex core with negative angular momentum m<0!States in the vortex core with negative angular momentum m<0!
P. Magierski, G. Wlazłowski, A. Makowski, K. Kobuszewski, arXiv:2011.13021
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1/r

BCS regime

 

imbalance

Controls circulation
inside the core

P. Magierski, G. Wlazłowski, A. Makowski, K. Kobuszewski, arXiv:2011.13021

Majority component 
accumulates in the core. 
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Internal vortex structure: 
     does it matter when considering dynamics?
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Internal vortex structure: 
     does it matter when considering dynamics?

Fig. from: M.A. Silaev, Phys. Rev. Lett. 108, 045303 (2012)

→ dissipation mechanism via emission of (quasi)particles from vortex core 

“Spectral flow” → force due to relaxation of the core-bound fermions towards the thermal equilibrium(VFM) 
minigap quasiparticle lifetime

Iordanskii force

N. B. Kopnin, G. E. Volovik, and Ü. Parts, 
Europhys. Lett. 32, 651 (1995)
 

J. T. Mäkinen and V. B. Eltsov, Phys. Rev. B 97, 014527 (2018)
 

Review: E. B. Sonin, Rev. Mod. Phys. 59, 87 (1987)
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Fig. taken from
A. Villois, D. Proment, G. Krstulovic, 

Phys. Rev. Lett. 125, 164501 (2020) 

Vortex 
reconnection is 

strongly 
interacting and 

spin imbalanced 
Fermi gas (unitary 

regime). Movie 
shows location of 
the core (orange 

surface) and 
distribution of 

spin-polarization. 
Phys. Rev. A 103, L051302 (2021)

Vortex 
reconnection is 

strongly 
interacting and 

spin imbalanced 
Fermi gas (unitary 

regime). Movie 
shows location of 
the core (orange 

surface) and 
distribution of 

spin-polarization. 
Phys. Rev. A 103, L051302 (2021)

Energy transfer during the reconnection event
Energy transfer during the reconnection event

BEC:→ sound wave→ ... BEC:→ sound wave→ ...
BCS & UFG:→ sound wave→ vortex core     excitation→ …(needs to be confirmed)

BCS & UFG:→ sound wave→ vortex core     excitation→ …(needs to be confirmed)
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Universality of the vortex reconnection event?
Taken from: 
L. Galantucci, A. W. Baggaley, N. G. Parker, and C. F. Barenghi, 
Proc. Natl. Acad. Sci. 116, 12204 (2019).

Dimensional arguments

Can be derived from GPE, assuming that inside the vortex core the nonlinear term can be neglected (vortex is empty).
[A. Villois, D. Proment, and G. Krstulovic, Phys. Rev. Fluids 2, 044701 (2017)]

Can be derived from GPE, assuming that inside the vortex core the nonlinear term can be neglected (vortex is empty).
[A. Villois, D. Proment, and G. Krstulovic, Phys. Rev. Fluids 2, 044701 (2017)]
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Universal scaling δ(t)~|t-t
*
|1/2 across BCS – BEC crossover 

TDBdG TDSLDA GPE

M. Tylutki, G. Wlazłowski, Phys. Rev. A 103, L051302 (2021)
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Towards quantum turbulence in strongly interacting Fermi gasTowards quantum turbulence in strongly interacting Fermi gas

Start with Abrikosov lattice of vortices
Start with Abrikosov lattice of vortices

imprinting  dark solitons on top of it (energy injection)
imprinting  dark solitons on top of it (energy injection)+

K. Hossain, et.al., Phys. Rev. A 105, 013304 (2022)
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Towards quantum turbulence in strongly interacting Fermi gasTowards quantum turbulence in strongly interacting Fermi gas

Start with Abrikosov lattice of vortices
Start with Abrikosov lattice of vortices

imprinting  dark solitons on top of it (energy injection)
imprinting  dark solitons on top of it (energy injection)+

Due to snaking instabilities, these solitons decay, producing new vortices that destabilize the lattice and lead to a vortex tangle.
Due to snaking instabilities, these solitons decay, producing new vortices that destabilize the lattice and lead to a vortex tangle.

K. Hossain, et.al., Phys. Rev. A 105, 013304 (2022)
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Towards quantum turbulence in strongly interacting Fermi gasTowards quantum turbulence in strongly interacting Fermi gas

Start with Abrikosov lattice of vortices
Start with Abrikosov lattice of vortices

imprinting  dark solitons on top of it (energy injection)
imprinting  dark solitons on top of it (energy injection)+

Due to snaking instabilities, these solitons decay, producing new vortices that destabilize the lattice and lead to a vortex tangle.
Due to snaking instabilities, these solitons decay, producing new vortices that destabilize the lattice and lead to a vortex tangle.

K. Hossain, et.al., Phys. Rev. A 105, 013304 (2022)

Final state ↔ excited state
(excitation energy ~ ½ k

B
T

c
)
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Towards quantum turbulence in strongly interacting Fermi gasTowards quantum turbulence in strongly interacting Fermi gas

GPE

TDSLDA 
(blue line )

GPE can be tuned to give the same qualitative 
features, however, the dissipation parameter 
η (≈ 0.01–0.02) must be tuned appropriately.

→ noticeable differences in energy transfers between GPE and TDSLDA→ noticeable differences in energy transfers between GPE and TDSLDA

K. Hossain, et.al., Phys. Rev. A 105, 013304 (2022)
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Kelvin wavesKelvin waves

Spectra of Kelvin waves

In the decay stage Kelvin 
waves propagate along 

the vortex lines and 
dissipate energy.

In the decay stage Kelvin 
waves propagate along 

the vortex lines and 
dissipate energy.

x y

z
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Kelvin wavesKelvin waves

Spectra of Kelvin waves

In the decay stage Kelvin 
waves propagate along 

the vortex lines and 
dissipate energy.

In the decay stage Kelvin 
waves propagate along 

the vortex lines and 
dissipate energy.

x y

z

FT ~
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Kelvin wavesKelvin waves

Spectra of Kelvin waves

In the decay stage Kelvin 
waves propagate along 

the vortex lines and 
dissipate energy.

In the decay stage Kelvin 
waves propagate along 

the vortex lines and 
dissipate energy.

x y

z

FT

K. Hossain, et.al., Phys. Rev. A 105, 013304 (2022)

~
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Suppression of low-k modes compared to GPE!Suppression of low-k modes compared to GPE!

x yK. Hossain, et.al., Phys. Rev. A 105, 013304 (2022)

Similar KW damping is seen in vortex filament models 
coupled to a normal component (mutual friction), even for 
weak couplings [Europhys. Lett. 99, 46003 (2012), Phys. Rev. B 88, 054511 
(2013), Phys. Rev. B 90, 094501 (2014)]

This suggests that various excitations (broken Cooper pairs) 
may act as a thermal reservoir or normal component in the 
TDSLDA that can dampen dynamics at low k.
Speculation: (TD)SLDA may provide a self-consistent 
microscopic theory to study phenomena like mutual friction 
between superfluid and normal components.

Similar KW damping is seen in vortex filament models 
coupled to a normal component (mutual friction), even for 
weak couplings [Europhys. Lett. 99, 46003 (2012), Phys. Rev. B 88, 054511 
(2013), Phys. Rev. B 90, 094501 (2014)]

This suggests that various excitations (broken Cooper pairs) 
may act as a thermal reservoir or normal component in the 
TDSLDA that can dampen dynamics at low k.
Speculation: (TD)SLDA may provide a self-consistent 
microscopic theory to study phenomena like mutual friction 
between superfluid and normal components.
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SUMMARY
Microscopic simulations across whole BCS-BEC 
crossover are presently feasible: 

TDBdG     → BCS regime; 
TDSLDA   → strong interaction; 
GPE          → BEC regime 

Vortices acquire internal structure in Fermi superfluids 
→  origin of new dissipation mechanism (excitations of the 
vortex core, ...)

We confirm presence of universal scaling 
δ(t)~|t-t

*
|1/2 across the BCS-BEC crossover.

It holds also for exotic (spin-imbalanced) systems.

Studies of quantum turbulence are within the reach. 

Rotating quantum turbulence has been studied 
→ comparative studies with GPE shows presence of 
additional dissipation mechanism (similarity to coupling 
with normal the component)

Turbulence: strongly interacting regime: yes 
BCS regime: ? [Note:                            ]

D
F
T
 
c
o
m

https://wslda.fizyka.pw.edu.pl/ 

https://wslda.fizyka.pw.edu.pl/
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m

Collaborators: P. Magierski, M. Tylutki, K. Kobuszewski, A. Makowski, Andrea Barresi, Antoine Boulet (WUT); M. Forbes, K. Hossain (WSU); K. Sekizawa (Univ. of Niigata); A. Bulgac (UW) 
 
Contact:
gabriel.wlazlowski@pw.edu.pl
http://wlazlowski.fizyka.pw.edu.pl

https://wslda.fizyka.pw.edu.pl/ 

DISSIPATION MECHANISMS!

mailto:gabriel.wlazlowski@pw.edu.pl
http://wlazlowski.fizyka.pw.edu.pl/
https://wslda.fizyka.pw.edu.pl/
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Internal vortex structure: 
     does it matter when considering dynamics?

...
Does it impact vortex reconnection events?
...

Unitary regime
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Stages of decayStages of decay

The initial decay is 
accelerated by 

reconnections close to the 
boundary that expel vortex 
segments from the system

The initial decay is 
accelerated by 

reconnections close to the 
boundary that expel vortex 
segments from the system

 J. J. Hosio, et. al., Nat. 
Commun. 4, 1614 (2013).

V. B. Eltsov, et.  al., Phys. 
Rev. Lett. 105, 125301 
(2010).                       

Similar effects as 
seen in experiments 
with rotating 3He-B
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Vortex structure Majority component 
accumulates in the core. 
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Vortex structure Majority component 
accumulates in the core. 

more exotic states recently have been proposed
→ LOFF state inside the core (D. Inotani, . Yasui, T. Mizushima, M. Nitta, arXiv:2003.03159)

R. Sensarma, M. Randeria, and T.-L. Ho, 
Phys. Rev. Lett. 96, 090403 (2006).
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Source: 
http://www.stimulate-ejd.eu/content/mathematical-modeling-and-numerical-a
nalysis-exascale

Methods

→ we investigate superfluid 
dynamics by means of 
numerical simulations 

Macroscopic

Mesoscopic

Microscopic

Hierarchy of models

Hydrodynamics (HVBK)

Vortex filament model

Quantum mechanical methods
(GPE, TDBdG, TDSLDA,...) 

Microphysics encapsulated 
in model parameters

Symmetry of wave-
function matters 

→
Quantum 
statistics

http://www.stimulate-ejd.eu/content/mathematical-modeling-and-numerical-analysis-exascale
http://www.stimulate-ejd.eu/content/mathematical-modeling-and-numerical-analysis-exascale
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vortex reconnections as trigger of kelvin-wave cascade
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sim: J. Kopyciński, diploma thesis, WUT, (2020),
exp: M. W. Zwierlein, et.al., Science (80). 311, 492 (2006). Theory vs Experiment (unitary regime)

Prepare the system

Experiment

Ramp to BEC Take image


