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Overview:

1 Method — DFT*
2. Implementation
3. Applications

(*) Note: Many formal
aspects of the theory will be
presented superficially.
Only general formulas...

Computatlonal phy5|cs

¢ General purpose method - wide range of applicability
— typically it has numerical complexity at most as a mean-field method
(example for BECs: Gross-Pitaevskii equation)

¢ Specialized methods - devoted to specific problems / guantities
— typically ab initio methods like QMC, ...
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diatomic molecules

Cooper pairs

strongly interacting pairs

e EPHYSICS. WUT



strongly interacting pairs

Gross-Pitaevski equation (GPE): n' 3add <1

- 2
in 2P t) =( 92 4 Vi + gl (7, 0) )wmt)

ot 2M T
mass of dimer Depends on
=2m dimer-dimer

scattering
length a_,

Numerical complexity: N logN

Cooper pairs
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diatomic molecules strongly interacting pair; Cooper pairs
7 d (uy(r,t)\ _ 1y Uy (r, 1) Bogoliubov-de Gennes
¢ ot Un (r,t)) — BdG Un (r,t) equations (BdG):

kra| < 1, kp = Q@n’n)'?

h (I‘,t) — A(I‘,t)

hg(r,t) = —ﬁJQVQ/Qfm n Vg(r,t) Single particle

hamiltonian

_ Pairing potential _ 2
A(I‘, t) _ gl/(I‘, t) (order parameter) g = 4rh a’/m

sty =5 S (et (00) (= By) — f3(E,)

By |<E.
Anomalous density
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diatomic molecules strongly interactin

gy (s ) =i ()
Heac = (thifl,_t)“T —hjﬁ(art’)tl m)

Single particle
hamiltonian

ho(r,t) = —h*V2/2m + V,(r,t)

Pairing potential _
(order parameter) 9 =

4rh*a/m

A(r,t) = gv(r,t)

()

1 *k

v(r,t) =3 Y uga(r, g (v,1) (fa(—Ey) — [s
‘E”?|<EC <

Anomalous density

Cooper pairs

g pair

Bogoliubov-de Gennes
equations (BdG):

kra| < 1, kp = 3n*n)'3

amplitude probability
hole particle

A

SOU(T7 t) — [un (’P, t)v Un (’I", t)]T

<p;r7(r, t)pn (1, 1) d’r = On. '

Pauli exclusion principle

Numerical complexity: N*(N logN)



BdG theory vs experiment

Experiments:
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(note: BAG for uniform system = BCS theory)
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diatomic molecules strongly interacting pairs Cooper pairs

Density Functional Theory:
Superfluid Local Density Approximation (SLDA)

* DFT is in principle exact theory
Hohenberg-Kohn theorem (1964) implies that <O> — (\:[J[p} ‘O‘\P[PD — O[p]

® ... solving Schrodinger equation <> minimization of the energy density E[p]...
® ... however no mathematical recipe how to construct E[p].

* In practice we postulate the functional form
dimensional arguments, renormalizability, Galilean invariance, and symmetries

* DFT allows to include “beyond mean-field” effects, while keeping the
numerical cost similar to mean-field method (here mean-field=BdG)
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SLDA-type functional Dimensionless
functional parameters

E= [ et covenar A5G
T 3 C}L
E =A;— + =B,neg ik
Kinetic Potential Pairing
term term term
total =intrinsic + couplings to external fields...
1
— (ext) (ext) *
E.,,=FE+ ; fV‘T (r)ng,(r)dr — 7 f(A (r)v'(r)+ h.c.) dr + ...
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SLDA-type functional

functional parameters

Dimensionless

E = / 8[n(r),1:(r),v(r)]dr% A, B, Gij
T 3 C}L
& = A, - + =B neg - b5
) ) nl/3
/ / / zhﬁ (un(r,
Kinetic Potential Pairing at \ vy(r,
term term term
total =intrinsic + couplings to external fields...

2

T~ o
S—

Densities

n(r), T(r), v(r)

are defined via

[un (7, 1), v (7, )"

MINIMIZATION

E.;, =E + Z fom(r)ng(r) dr — ! f(A(eXt)(fr')v*(r) + h.c.) dr + ...

B un(r,t
)) = HSLDA(Un(r’t

)
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Densities

n(r), T(r), v(r)

are defined via

Dimensionless
functional parameters

SLDA-type functional

E = / Eln(r), ©(r), v(r)]dr/ A By, Ci} [t (7, £), vn (r, )]
T 3 C‘;.L
E=A,—+ —B;neg ¥ |1u|2 MINIMIZATION
‘ ) n-’-
O (uy(r,t Uy, (r,t
N G R G
Kinetic Potential Pairing n\1l> n\I,
term term term
A. Bulgac, M.M. Forbes A. Boulet, G. Wlaztowski, P. Magierski
Phys. Rev. A 75, 031605(R) (2007) Phys. Rev. A 106, 013306 (2022)
BdG ASLDA SLDAE
Asymmetric SLDA, a— SLDA Extended, p=0
Ay— 1 Ay — A[p(r)] Ay — Alakp(r)]
By =0 B, — Blp(r)] B, — Blakg(r)]
Anh? _ _
C,— — d akr Ca— Clp(r)] C; — Clakp(r)]
(37m2)1B3m

ny(r) —n(r)
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https://link.aps.org/doi/10.1103/PhysRevA.106.013306
https://journals.aps.org/pra/abstract/10.1103/PhysRevA.75.031605

. ab initio cals for E/Erg, Ner, m*/m Functional parameters
— o INDUCE
— I|m|t|ng cases (EFT, scale invariance, ...) {A}” Bl: Cik}
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. ab initio cals for E/Erg, Ner, m*/m
- limiting cases (EFT, scale invariance, ...)
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A. Boulet, G. Wlaziowski, P. Magierski
Phys. Rev. A 106, 013306 (2022)
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- Lee — Yang formula [74-76]

exp. (Navon et al., 2010) (57
QMC (Carlsen et al, 2012) |86
QMO {Astrakharchik el al., 2004} 87, JS|
QMC {Astrakharchik ef al., 2004) |87, BCS]
QMC (Chang ef al, 2004} [84]

~ pp | hh ladder [67, 70|

- pp ladder |67, T0|

m”/m

Q)

H ! ! =
0.0 1.0 2.0 3.0
A
1.0F | |

0.7 —|J-l 4 |

A1

Galitskii formula [77]

exp. (Sagi et al., 2015) [80]

exp. (Sagi ef al., 2015) 80|

GSCGF (Hausmann et al., 2009) |72
Brueckner — Hartree — Fack
[Doggen and Kinnunen, 2015) [88]
pp | hh ladder 67, 70|

pp ladder |67, 70|

Functional parameters

{As, By, Gy}

= A/SF

X

2.0 3.0

BCS formula [62]

exp. (Schiratzek ef al, 2008) [82]

exp. (Hoinka et al., 2017) [81]

GSCGF (Haussmann et al., 2009) |72]
QMC (Bulgac et al., 2008) [83]

QMC (Chang et al., 2004) [84]

QMC {Gezerlis and Carlson, 2008) [85]
ph ring |78, 79]


https://link.aps.org/doi/10.1103/PhysRevA.106.013306

Theoretical method
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Computer code
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Theoretical method Experlment
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& can be arbitrary function of
densities

Computer cod
omputer code Predefined: BdG, ASLDA, SLDAE

\Varsaw University | \V-GLDA
of Technology | Toolkit

http://wslda.fizyka.pw.edu.pl/ static problems: st-wslda

(hag‘*()“a —h.;?iﬂ m-.) (u((:))) = En (ﬂ:g)

time-dependent problems: td-wslda

Self-consistent solver
of mathematical problems
which have structure

formally equivalent to - O (un(r,t)\  [ha(r,t) — pa A(r,t) Un(r,t)
Bogoliubov-de Gennes equations. "ot \v,(r t)) T\ A*(r, 1) (b)) + ) \on(r,t)

can run on “small” computing clusters as well as leadership supercomputers
(depending on the problem size)

— - High < z
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http://wslda.fizyka.pw.edu.pl/

mesh dimensionality

http://wslda.fizyka.

W-SLDA Toolkit

Self-consistent solver

of mathematical problems

which have structure
formally equivalent to
Bogoliubov-de Gennes

High

Performance

‘a Computing

— BCS-BEC crossover

— spin-imbalanced systems

— mass-imbalanced systems

— finite temperature formalism

Ongoing extensions:
— Bose-Fermi mixtures
— Fermi-Fermi mixtures (like nuclear systems: protons+neutrons)

\Varsaw University | \V-GLDA
of Technology | Toolkit

pw.edu.pl/ static problems: st-wslda
(ha(r — Ha A(T‘) ) (un(r)) — E (UH(T))
A*(r) _h'f*)('r) + Mb v (T) "\ vn(r)
time-dependent problems: td-wslda
L 0 f(un(r,t) ha(r,t) — pa A(r,t) un(r,t)
equations. m’& (-u” (r,i.)) - ( A*(r, 1) —hy(r,t) + p.g,) (v”(r, l))

can run on “small” computing clusters as well as leadership supercomputers
(depending on the problem size)
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http://wslda.fizyka.pw.edu.pl/

Application #1: Fermionic Josephson Junction

Inspired by LENS SLi setup (G. Roati’s group): © - ‘Z(t) ~ (NR(t) — NF(t))/NtOt,
[1] G. Valtolina, et.al., Science 350, 1505, (2015); 0.2¢
[2] A. Burchianti, et.al., Phys. Rev. Lett. 120, 025302 (2018) o1} T
[3] K. Xhani, et.al., Phys. Rev. Lett. 124, 045301 (2020) ol 5
0.1} @
0 0.05 0.1 0.15 0.2 =
(d)«-.-...._?s
0.5 E_
% 0
-0.5
Figs from [2] \ % 0.05 0.1 0.15 0.2
A(t) = ¢L(t)—or(t) tims]
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=
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Application #1: Fermionic Josephson Junction
=(t) = (NR(t) = N.(6)/Niow

Inspired by LENS °Li setup (G. Roati’s group):
[1] G. Valtolina, et.al., Science 350, 1505, (2015);

[2] A. Burchianti, et.al., Phys. Rev. Lett. 120, 025302 (2018)

[3] K. Xhani, et.al., Phys. Rev. Lett. 124, 045301 (2020)

G. Wlaztowski, et.al.,
arXiv:2207.06059

Density (a.u.)

Figs from [2]
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Application #2: Vortex collisions 20 -0 0 10 20
Inspired by LENS °Li setup (G. Roati’s group): B m)_+_ BCS
[1] W. J. Kwon, et.al., Nature 600, 64-69 (2021) 40 j:
Figs from [1]
.36 ms ) 1 c Hﬂ' 40 3

y (1/kg)
o
I

20.‘3 404
-40

| | | |

|

—-20

Dissipation during the collision is

reflected in di/d; < 1.

yuawrradxyg

e EPHYSICS. WUT



Application #2: Vortex collisions

Inspired by LENS °Li setup (G. Roati’s group):
[1] W. J. Kwon, et.al., Nature 600, 64-69 (2021)

Figs from [1]

Vortex solution: Fermi gas —» BdG

____fif_?_.@ §¢ ”

Sommmmmmeme p(r)
A
% Order parameter:
o ~T not related directly to density

Occupation of Andreev
states give rise to
significant particle density
inside the core.
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Dissipation during the collision is
reflected in dv/d; < 1.
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Application #2: Vortex collisions

Inspired by LENS °Li setup (G. Roati’s group):
[1] W. J. Kwon, et.al., Nature 600, 64-69 (2021)

Figs from [1]

Vortex solution: Fermi gas —» BdG

____fif_‘l.@ §¢ ”

o= = e O(T)
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% Order parameter:
o ~T not related directly to density

Occupation of Andreev
states give rise to
significant particle density
inside the core.
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| | | | |
Dissipation during the collision is
reflected in dv/d; < 1.

Do the internal structure of vortices
contribute to the dissiption?

Prediction [M. Silaev, PRL. 108 (2012)]:

— Andreev quasiparticles can be excited
(effective increase of the vortex core temperature),

— and eventually converted into
delocalized states

— the impact of this process gets
stronger as we move towards
BCS regime

B 2PHYSICS.WUT
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https://arxiv.org/abs/2207.00870
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— the dissipation due to Andreev states is detected in BCS regime
(it can be interpreted as effective increase of the vortex core temperature)

— the effect is to weak to explain the experimental measurements

— significant sensitivity of the results to the temperature

A Baresi . Boult, P Magiersk, G. Wiaziowsi, ancvzzorooero . PHYSICS WUT
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https://arxiv.org/abs/2207.00870

SUMMARY W-SLDA

Toolkit |5
SLDAE '@

@ Microscopic simulations across whole BCS-BEC
crossover are presently feasible:
DFT BCS regime;
SLDA jstrong interaction;
GPE — BEC regime

regime theory

@ DFT is general purpose method: it overcomes limitations
of mean-field approch, while keeping numerical cost at
the same level as BdG calculations. o

~<
N

1.0

v a
06| “/f

0.4

@ You do not to be expert in DFT in order to use DFT.
Open-source implementation is available.

@ DFT can benchmark experiments

@ Can provide insight into processes that are beyond ¢ o5 L
reach of GPE-like approaches.

@ Exotic types of superfluidity (spin-imbalanced, mass- < ‘ g
imbalanced...). @

N. Proukakis (Newcastle U.)

Collaborators: P. Magierski, M. Tylutki, A. Barresi, A. Boulet
(WUT); M. Forbes (WSU); A. Bulgac (UW); K. Xhani (LENS); \ |

phyS|cs

gabriel.wlazlowski@pw.edu.pl https://wslda.fizyka.pw.edu.pl/
http://wlazlowski.fizyka.pw.edu.pl
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Energy

Energy is computed from the formula:

E = /5edf ,...)d%+Z/V;eﬂ)(r)ng(r)d3r
-3 [ (A=) ) +he) d3r—zf “(r) - Jo(r) d

The intrinsic energy is assumed to have a generic structure:

Eeclf — / gedf d3i“ — / (Ekin + Epot + gpair + ECUII) d?’,r

e EPHYSICS. WUT



Potentials

Minimization of the functional with respect to quasiparticle orbitals provides Bogoliubov-de Gennes type

equations. Its general form is:

(A*mhi(g:ﬁ(r) A(T)—;ﬁeft(r)) (W) b (EZIEED

-

where single particle hamiltonian is given by

]_ —+ —+ ’i — —
_ _ = L 1/ (ext) Y _ =lext)
hy = =5 Vo (r)V + Va(r) = (o = Vi (r)) = 5 { 4, (r) = 5(r), ¥}

Potentials entering the hamiltonian are:

e alpha_a and alpha_b:

0&eat
ay = 2——— - effective mass,
0T,
e V_a and v_b:
6€
V, = —% _ mean-field potential,
ong
e Aax,Aay,Aaz,Abx,Abz,and Ab z:
- o0&
A, = =% _ current potential,
0jo
e delta.
0&eds
A(r) = ——— - paring potential.

ov*



Densities

Densities are computed according to formulas:

v(r) =3 25, <z Unt (N0 (1) (F3(=En) — f5(En))
e rho_a.

nT(T) = E|Eﬂ|f:Ef |“n“(?")|2f3(Eﬂ)
e rho_b:

ny(r) = E|Eﬂ|e:,Ef |"'-’u,i(”“)|2fﬁ(_En)
e tau_a:

™7(r) = 25, <5, |Vtn s ()] f5(En)
* tau_b:

TL(T) = E|E?1|{EC V”nl("")Ffﬁ(_En)
¢ _E|— X, Jay, ja_z:

Ji(r ) — 25, <, Im[unt (r)Vu;, ()] f3(En)
e j_bx,Jjby, jbz:

3( ) Z|En|{:Ec Im[”nfl(”')vvh('-”)]f.ﬁ(_En)

In these formulas F,, denotes quasi-particle energy, and E, is the energy cut-off scale. Fermi distribution
function f3(E) = 1/(exp(BE) + 1) is introduced to model temperature T' = 1/ effects.
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— the dissipation due to Andreev states is detected in BCS regime

(it can be interpreted as effective increase of the vortex core temperature)
— the effect is to weak to explain the experimental measurements
— significant sensitivity of the results to the temperature
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https://arxiv.org/abs/2207.00870

Towards quantum turbulence in strongly interacting Fermi gas
K. Hossain, et.al., Phys. Rev. A 105, 013304 (2022)
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The GPE energy density gn7, /2 is 28 -
replaced by the UFG energy density &Erg(nr): 26 -
o _K2y2 R 24 -
iy = ( o T2 ) +V — ) + QLZ)w 2 -
' 20 -
GPE can be tuned to give the same qualitative :3*
features, however, the dissipation parameter 18 -
N (= 0.01-0.02) must be tuned appropriately. 16 -
14 -
- noticeable differences in energy 12 -
transfers between GPE and TDSLDA 10 -




1 1 1 sim: J. Kopycinski, et.al., Phys. Rev. A 104, 053322 (2021)
Theory VS Experlment (unltary reglme) : M. W. Zwierlein, et.al., Science (80). 311, 492 (2006).
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Fig. 4.9: Comparison between the experimental absorption images (exp) of rotating Fermi gas clouds and the

simulated densities n(x,y, z = 0) (sim) for a rotating system, separately for the majority | 1 ) and minority | | )
components and different population imbalances §. Experimental data source: [12].
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