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TDDFT simulation
https://www.youtube.com/watch?v=k5bNybqvRRc 
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TDDFT simulation
https://www.youtube.com/watch?v=k5bNybqvRRc 

1) Energy Density Functional (we use Skyrme type functional) 

The results (may) depend on: 

DFT is in principle exact theory Hohenberg-Kohn theorem (1964) implies that … solving Schrödinger equation ↔ minimization of the energy density E[ρ]...… however no mathematical recipe how to construct E[ρ].In practice we postulate the functional form!

Note: In case of self-bound systems one 
needs to replace “laboratory density” with 
the “intrinsic density” in the HK theorem.

J. Engel, Phys. Rev. C 75, 014306 (2006);
N. Barnea Phys. Rev. C 76, 067302 (2007);
J. Messud, M. Bender, E. Suraud,
    Phys. Rev. C 80, 054314 (2009);

https://www.youtube.com/watch?v=k5bNybqvRRc


TDDFT simulation
https://www.youtube.com/watch?v=k5bNybqvRRc 

The results (may) depend on: 

DFT has been extended to superfluid/superconducting systems...… energy density functional E[ρ,𝜈]...… where 𝜈 is anomalous density ↔ order parameter                                                     (quantity well defined in thermodynamic limit)

1) Energy Density Functional (we use Skyrme type functional) 

2) Broken symmetries: superfluidity/superconductivity → 
                                                                     particle number symmetry is broken

https://www.youtube.com/watch?v=k5bNybqvRRc


TDDFT simulation
https://www.youtube.com/watch?v=k5bNybqvRRc 

The results (may) depend on: 

1) Energy Density Functional (we use Skyrme type functional) 

2) Broken symmetries: superfluidity/superconductivity → 
                                                                     particle number symmetry is broken

3) Adiabatic approximation: 

For time-dependent case the “exact” functional is in general different from the one that is used in static calculations...
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TDDFT simulation
https://www.youtube.com/watch?v=k5bNybqvRRc 

The results (may) depend on: 

1) Energy Density Functional (we use Skyrme type functional) 

2) Broken symmetries: superfluidity/superconductivity → 
                                                                     particle number symmetry is broken

3) Adiabatic approximation: 

For time-dependent case the “exact” functional is in general different from the one that is used in static calculations...… but if the evolution is slow (adiabatic), the system follows instantaneous ground state → use the functional taken from static considerations.

0 
Ψ0

timet 
ρ(t’<t)

Adiabatic approximation

In general integro-differential equations 

https://www.youtube.com/watch?v=k5bNybqvRRc


TDDFT simulation
https://www.youtube.com/watch?v=k5bNybqvRRc 

The results (may) depend on: 

1) Energy Density Functional (we use Skyrme type functional) 

2) Broken symmetries: superfluidity/superconductivity → 
                                                                     particle number symmetry is broken

3) Adiabatic approximation:

4) Practical/Numerical implementation (discretization scheme, regularization, ….) 

https://www.youtube.com/watch?v=k5bNybqvRRc


TDDFT simulation
https://www.youtube.com/watch?v=k5bNybqvRRc 

The results (may) depend on: 

1) Energy Density Functional (we use Skyrme type functional) 

2) Broken symmetries: superfluidity/superconductivity → 
                                                                     particle number symmetry is broken

3) Adiabatic approximation:

4) Practical/Numerical implementation (discretization scheme, regularization, ….) 

Fig. From: J. D. McDonnell, N. Schunck, D. Higdon, 
J. Sarich, S. M. Wild, and W. Nazarewicz, Phys. 
Rev. Lett. 114, 122501 (2015)

Uncertainty quantification needed...… presently no well defined methodology how to do it in case of time-dependent phenomena.Experiments provide info only about final states, no detailed info about time-evolution. 

https://www.youtube.com/watch?v=k5bNybqvRRc
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The real-time dynamics is given by equations, which are formally equivalent to 
the Time-Dependent HFB (TDHFB) or Time-Dependent Bogolubov-de Gennes (TDBdG) equations

where h and Δ depends on “densities” (their explicit form depends on the functional):

etc.

Mathematically: large set of nonlinear coupled 3D PDEs;
Number of PDEs is of the order of the number of spatial lattice points, 
typically 105-106.

We use coordinate space solvers (system is placed on a 3D spatial 
lattice of size Nx×Ny×Nz)

Codes are publicly accessible:
Nuclear → The LISE Package: Comput. Phys. Commun. 269, 108130 (2021). 
Cold atoms → W-SLDA Toolkit, https://wslda.fizyka.pw.edu.pl 
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https://wslda.fizyka.pw.edu.pl/


Photo from: http://www.lkb.upmc.fr/ultracoldfermigases/ Ultracold atomic systems offer alternative possibility to test predictive power of TDDFT. The (bare) interaction is simple V(r-r’)=g𝛿(r-r’)...… but the interaction strength g can be tuned at will!
CROSSOVER

http://www.lkb.upmc.fr/ultracoldfermigases/


1) Energy Density Functional 
The energy functional for cold atoms is much simpler 
than for nuclear cases (no gradient terms, no spin-orbit, …)
[We use SLDA functional, originally derived by A. Bulgac, Phys. Rev. A 76, 040502(R)]

2) Broken symmetries: superfluidity/superconductivity 
→  can be easily justified since number of atoms in the cloud is 105-106 

… but systems with “small” number of atoms are also accessible

3) Adiabatic approximation:
No change

4) Practical/Numerical implementation (discretization scheme, regularization, ….) 

No change

Modeling nuclear vs ultracold systems 



Remark: transition from few-body to many-physics is also active area of 
researches with ultracold atoms...
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Phys. Rev. Lett. 116, 045304 (2016)

Series of MIT experiments: 
Nature 499, 426 (2013);

PRL 113, 065301 (2014);
 PRL 116, 045304 (2016);

→ observation of decay 
of a dark soliton into a vortex line 

Strongly interacting Fermi gas

Note: 
here we observe directly time evolution of 

density density ρρ((rr,t),t) 
for quantum system15



Superfluidity: U(1) order parameter
Order parameter = “pairing” Δ

In a ground state the phase
is uniform across the system...

… and since it is closely connected
with phase of the wave-function
it can be absorbed by 
normalization factor 



Excited states

Figs from: Phys. Rev. Lett. 113, 065301 (2014)

(Dark) Soliton

Vortex line

Vortex ring

Topological excitations



Fig. from: A. Munoz Mateo and J. Brand, 
PRL 113, 255302 (2014)
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Fig. from: A. Munoz Mateo and J. Brand, 
PRL 113, 255302 (2014)

D
   ξ

C
ascade

Coherence length:

Cold atoms at unitarity:

Nuclear systems (n=0.08fm-3):

where R is radius 
of heavy nucleus

GENERAL REMARKS:
Δ(r) should be treated as dynamical 
    field...
the Δ(r) field introduces new 
excitation modes to the system
(enormous number of new modes) 

fluctuations (waves) of |Δ(r)|...
fluctuations (waves) of q(r)...
Solitonic excitations..
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How to excite “solitonic” modes?

1. Start with a cloud in ground state...



How to excite “solitonic” modes?

1. Start with a cloud in ground state...

2. Split into two fragments ...



How to excite “solitonic” modes?

1. Start with a cloud in ground state...

2. Split into two fragments ...

3. Add constant potential U to one part ...

Note: uniquely defined quantity



6Li atoms near a Feshbach 
resonance (N≈106) cooled in 
harmonic trap 

Step potential used to imprint a 
soliton (evolve to π phase shift)

Let system evolve...

Take picture (subtle imaging with 
tomography) 

Fig. from 
Nature 499, 426 (2013)

MIT experiments: 
  Nature 499, 426 (2013); 
  Phys. Rev. Lett. 113, 065301(2014);
  Phys. Rev. Lett. 116, 045304 (2016); 
  

Fig. from 
PRL 113, 065301(2014) 



Experimental results – Cascade of Solitary Waves
Figures taken from: M. Zwierlein talk, (http://en.sif.it/activities/fermi_school/mmxiv)
School of Physics E. Fermi – Quantum Matter at Ultralow Temperatures Varenna, July 9th , 2014
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TDDFT in actions for cold atoms
→ remarkable agreement  between theory and data!

  Piz Daint

G. Wlazłowski, K. Sekizawa, M. Marchwiany, P. Magierski, Phys. Rev. Lett. 120, 253002 (2018)

Phys. Rev. Lett. 116, 045304 (2016)

No adjusting parameters to the 
experiment!

Movie 2 For other comparison of TDDF vs exp see:
https://wslda.fizyka.pw.edu.pl/index.php/Gallery 

https://www.youtube.com/watch?v=BAew87ry84c&list=PLHBnusep8l9OoxOxXE-0Ohq37BsLU71CL&index=2
https://wslda.fizyka.pw.edu.pl/index.php/Gallery


Note: we find that 
effective 
approaches, like 
GPE, are able to 
predict correctly the 
final state, however 
the states in-
between are 
different from 
TDDFT predictions. 

GPE

TDDFT

From:
G. Wlazłowski, A. Bulgac, 
M.M. Forbes, K.J. Roche, 
Phys. Rev. A 91, 031602(R) (2015).



“Pairing” as the dynamical field in nuclear physics? 

Remarks:The phase φ (gauge angle) has well defined meaning only for systems with broken U(1) symmetry: N↔φ conjugate variables!  In nuclear experiments the phase cannot be controlled.Possible signal should be extracted after averaging over the phase differences.Proper way of “averaging” is by projecting on a good particle number.



Estimate of energy scales  energy needed to excite the “soliton”→

 The additional energy cost (derived from Ginzburg-Landau theory)

L:  Length scale over which the phase varies
S:  Attaching area

ns:  Superfluid density

e.g.)  S=πR2, 
         L~R=6 fm, 
         ns=0.08 fm-3 
                   → E~30 MeV

The energy does not depend on 
the absolute value of Δ!

(Ψ↔ order parameter)
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“240Pu+240Pu” head-on collisions (E/VBass=1.1, E=980MeV)

Movie 3

To simplify calcs:We used Fayans EDF (FaNDF0)S.A. Fayans, JETP Letters 68, 169 (1998);We neglected spin-orbit term;These are “AX nuclei” in sense that these objects have requested number of protons and neutrons (average value).

From: P. Magierski, K. Sekizawa, G. Wlazłowski,
           Phys. Rev. Lett. 119, 042501 (2017)

https://www.youtube.com/watch?v=0YiBJlPFVnA&list=PLHBnusep8l9Oc-sAvOPA3G-8CX3A6qAk_&index=3


“240Pu+240Pu” head-on collisions (E/VBass=1.1, E=980MeV)

The phase difference changes 
kinetic energy 
of the fragments

Movie 3

From: P. Magierski, K. Sekizawa, G. Wlazłowski,
           Phys. Rev. Lett. 119, 042501 (2017)

https://www.youtube.com/watch?v=0YiBJlPFVnA&list=PLHBnusep8l9Oc-sAvOPA3G-8CX3A6qAk_&index=3


Fusion reaction: 90Zr+90Zr

*Efusion: the lowest energy at which 
             fusion reaction is observed

E=1.0VBass
(E=191MeV)

Fusion reaction is 
suppressed 

by the phase difference

Movie 4

Related studies:
Y. Hashimoto and G. Scamps, 
Gauge angle dependence in TDHFB calculations of 
20O+20O head-on collisions with the Gogny interaction, 
Phys. Rev. C 94, 014610 (2016).

From: P. Magierski, K. Sekizawa, G. Wlazłowski,
           Phys. Rev. Lett. 119, 042501 (2017)

https://www.youtube.com/watch?v=amXMsxw1Wd0&list=PLHBnusep8l9Oc-sAvOPA3G-8CX3A6qAk_&index=10


→ N+N
→ N+S
→ S+S

K. Siwek-Wilczynska and J. Wilczynski, 
Phys. Rev. C 69, 024611 (2004).



Simulations with (complete) Skyrme SkM*
P. Magierski, A. Makowski, M.C. Barton, K. Sekizawa, and G. Wlazłowski
Phys. Rev. C 105, 064602 (2022)

S    +    S

Frozen density
approximation

In the frozen density approximation the dynamical effects are neglected ...… density of each fragment is fixed to be its ground-state one...… the contribution from the pairing fields were also taken into account:
35



Simulations with (complete) Skyrme SkM*
P. Magierski, A. Makowski, M.C. Barton, K. Sekizawa, and G. Wlazłowski
Phys. Rev. C 105, 064602 (2022)

S    +    S

TDDFT calcs

Frozen density
approximation

In the frozen density approximation the dynamical effects are neglected ...… density of each fragment is fixed to be its ground-state one...… the contribution from the pairing fields were also taken into account:

The effect is of dynamic origin, 
which cannot be grasped in the 

static calculations.

Much weaker 
effect than 

predicted within 
simplified clacs!

Movie 5 Movie 6

https://www.youtube.com/watch?v=sI20famR_VI
https://www.youtube.com/watch?v=s0ftdTjQQ0w&feature=youtu.be


96Zr+96Zr, 
Ecm=178MeV                  =0                            Δφ =Δφ π

density: 
               p

               n

paring field:

               p

               n

Related talk:
Wiktor Kragiel

P. Magierski, A. Makowski, M.C. Barton, K. Sekizawa, and G. Wlazłowski
Phys. Rev. C 105, 064602 (2022)



Pairing emergence during the collision  
Fig. From: A. F. Kemper, et.al., Phys. 
Rev. B 92, 224517 (2015).

Large-amplitude oscillations of pairing field
 → similarity to the pairing Higgs mechanism.

Related talk:
Andrzej Makowski

P. Magierski, A. Makowski, M.C. Barton, K. Sekizawa, and G. Wlazłowski
Phys. Rev. C 105, 064602 (2022)



SUMMAR Y
Ultracold atomic gases can be used as a playground for 
testing predictive power of TDDFT...

… still, complex nature of nuclear interaction/energy 
density functional rises many questions about trustability 
of TDDFT in context of nuclear reactions. 

Solitonic excitations:

their dynamics have been properly reproduced by 
TDDFT for ultracold Fermi gases...

… and analog of them is predicted to be present for 
nuclear reactions. 

Nuclear analog of “solitonic excitation” impacts:

Barrier for fussion; 
TKE of fragments; 
Dynamics of neck formation;

D
F
T
 
c
o
m

Collaborators: P. Magierski, A. Makowski, W. Kragiel (WUT); K. Sekizawa (Tokyo); A. Bulgac (UW); 
 

Contact:
gabriel.wlazlowski@pw.edu.pl
http://wlazlowski.fizyka.pw.edu.pl

Thank you! 40
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Appendix



Total excitation energies (TXEs) in 96Zr + 96Zr at
c.m. energies just below the threshold for capture.

Movie 7

It indicates that the 
presence of pairing 
alters the process of 

neck formation.

P. Magierski, A. Makowski, M.C. Barton, K. Sekizawa, and G. Wlazłowski
Phys. Rev. C 105, 064602 (2022)

https://www.youtube.com/watch?v=ewN0KWyF6FU


Phase diagram of ultracold Fermi gas

Attractive 
inter-particle 

interaction

Experiments:
~exp.

 limit
ation

A. Gezerlis and J. Carlson 
Phys. Rev. C 77, 
032801(R) (2008)
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Josephson effect

Flow of particles 
maximized  when phase diff. is π/2



SLDA-type functional

Kinetic 
term

Potential 
term

Pairing
term

Dimensionless 
functional parameters

BdG ASLDA
Asymmetric SLDA, a→∞

SLDAE
SLDA Extended, p=0

Densities
 

are defined via

SLDA

MINIMIZATIONMINIMIZATION

A. Boulet, G. Wlazłowski, P. Magierski
Phys. Rev. A 106, 013306 (2022)

A. Bulgac, M.M. Forbes
Phys. Rev. A 75, 031605(R) (2007)

https://link.aps.org/doi/10.1103/PhysRevA.106.013306
https://journals.aps.org/pra/abstract/10.1103/PhysRevA.75.031605


→ ab initio cals for
 

→ limiting cases (EFT, scale invariance, ...)
INDUCE

A. Boulet, G. Wlazłowski, P. Magierski
Phys. Rev. A 106, 013306 (2022)

SLDAE

 Functional parameters

https://link.aps.org/doi/10.1103/PhysRevA.106.013306


http://wslda.fizyka.pw.edu.pl/ 

can run on “small” computing clusters as well as leadership supercomputers
(depending on the problem size)

→ BCS-BEC crossover
→ spin-imbalanced systems
→ mass-imbalanced systems
→ finite temperature formalism

Ongoing extensions:
→ Bose-Fermi mixtures
→ Fermi-Fermi mixtures (like nuclear systems: protons+neutrons)

http://wslda.fizyka.pw.edu.pl/


Application #1: Fermionic Josephson Junction
 
Inspired by LENS 6Li setup (G. Roati’s group): 
[1] G. Valtolina, et.al., Science 350, 1505, (2015); 
[2] A. Burchianti, et.al., Phys. Rev. Lett. 120, 025302 (2018); 
[3] K. Xhani, et.al., Phys. Rev. Lett. 124, 045301 (2020)

Figs from [2]

Experim
ent                              Sim

ulation

UFG BCS
G. Wlazłowski, et.al., 
arXiv:2207.06059

t [ms]
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